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Abstract 
Carbon nanotubes (CNTs) are allotrope of carbon having a cylindrical structure. They have remarkable mechanical, thermal and 
electrical properties. The properties of CNTs depend on how the flat sheets of graphene are rolled up (atomic arrangement), 
diameter and length of nanotubes and morphology of nanostructure.  In this paper effective thermal conductivity of Multiwalled 
Carbon nanotube (MWCNT) based polymer composites are evaluated using a square Representative Volume Element (RVE) in 
Finite Element Method (FEM). COMSOL Multiphysics 4.2 has been used for making the models and doing the simulations. 
Effective thermal conductivity of a single MWCNT based polymer composites are evaluated analytically and validated by 
simulation technique. Continuum model developed by Bagchi A. and Nomura, S. has been used to calculate theoretical 
conductivity of single MWCNT based polymer composite. Mathematica® code has been written for theoretical calculation of 
thermal conductivity.  The effect of varying CNT diameter, length, volume fraction and thermal contact conductance on effective 
thermal conductivity of MWCNT reinforced composites is estimated and analyzed. 
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the Department of Mechanical Engineering, Bangladesh University of 
Engineering and Technology (BUET). 
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1. Introduction 
Carbon nanotubes (CNTs) possess extremely high thermal conductivity that can be the ultimate heat conducting 
medium. Significant enhancement in the matrix conductivity on being loaded with CNTs has been experimentally 
measured. The results though encouraging fall well short of simple theoretical predictions. For example, for a 
randomly dispersed MWNT/polymer composite, the rule of mixtures predicts the ratio of the overall conductivity to 
the matrix conductivity to be nearly 50 at a 1% volume fraction of nanotubes while experimental results show this 
ratio to be only about 2.6 [1]. Other studies have reported even lesser increase [2]. 
Heat transfer mechanism in composites filled with fibres has been extensively studied for decades. The main 
parameters affecting the thermal properties of composite are the volume fraction, fibre alignment, aspect ratio of the 
fibre, adhesion between the fibres and matrix and the thermal property of interface. Theoretical estimates show that 
an increase in the aspect ratio of highly conducting fibres would dramatically increase the thermal conductivity of 
the composite. Based upon this consideration, graphite fibres are frequently used in industries to improve thermal 
conduction of composites because of their high thermal conductivity [3]. 
 
Nomenclature 
v volume fraction of the CNT    t Thickness of outer wall 
e volume fraction of the polymer matrix  d Outer diameter of outer layer  
V Volume of the CNT      kNT Thermal conductivity of MWNT 
V1 Volume of the polymer matrix    l Length of CNT 
a Edge length of the square RVE    l1 Length of square RVE 
2. Finite element modeling of a CNT representative volume element (RVE) 
In RVE approach, a single nanotube with surrounding matrix material is modelled with properly applied 
boundary and interface condition to account for the effects of the surrounding materials. It is possible to study the 
nanocomposite based on the single representative volume element. This RVE model can be employed to study the 
interactions of the nanotube with the matrix and it is possible to model and evaluate the effective material properties 
of the nanocomposite [4]. Different types of RVEs are classified according to their shape of cross section as circular, 
rectangular, square or hexagonal RVE. The square RVE model can be applied when the CNT fibres are arranged 
evenly in square pattern while the hexagonal RVE models can be applied when CNT fibres are in a hexagonal 
pattern in transverse direction [5]. Square RVE models have been used in the present study. 
3. Calculation of edge length of a square RVE for a given volume fraction of CNT 
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Fig.1. Development of a continuum model for a MWNT. a) Schematic diagram of an MWNT showing concentric graphene layers. b) Equivalent 
continuum model; c) Effective solid fibre, and d) a prolate spheroidal inclusion. [7] 
For the purpose of modeling, as suggested by equivalent continuum model [7], MWCNT which is originally 
hollow inside is replaced by a solid fiber whose length and diameter is equal to that of outermost shell of MWCNT 
as it is assumed that only the outer layer of MWCNT contribute significantly to the thermal transport between the 
CNT and matrix material [6]. Equivalent conductivity of solid fiber (k(2)) can be calculated from the following 
equation [7]:  
(2) (4 / )*          when, t/d 0.25NTk t d k    (1) 
Length of the square RVE is considered to be 10μm larger than the solid fiber, 5mm from each end of the fiber. 
Volume fraction of the matrix material is,e=1-v. Volume of the CNT volume of matrix material and edge length of 
square RVE can be calculated by the following formulas respectively:  
2( / 4)*V d lS    (2) 
1 *( / )V V e v    (3) 
1 1/a V l    (4) 
4. Theoretical calculation of effective thermal conductivity using continuum model 
For simplicity, thermal conductivity of the effective fiber has been considered to be isotropic throughout in this 
paper. The expression for the effective thermal conductivity of a CNT composite having isotropic cylindrical short 
fibers as the filler material where the conductivity of the filler material is given by the equation (1) and has a contact 
resistance at the interface is:  
 * (1)33 2 1 0[1 1 ( )]k k v B fO [      (5) 
Where, v2 represents volume fraction of the nanotube phase and f (ξ0), λ are defined as following:  
     0 20 0 0020 1/ 11/ 1/ 2* 1f ln[ [ [[[ [ª º  ¬  ¼  (6) 
(2) (1)/k kO     (7) 
The quantity ξ0 is the inverse of the eccentricity of the spheroid and c is half of the distance between foci of the 
spheroid and is given by following equations respectively: 
 2 120 21 3/1 a a[      (8) 
 12 2 23 1c a a     (9) 
The constant B1 can be obtained as a solution to the following linear simultaneous equations:  
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Where the coefficient of interfacial conductance β and χnm(ξ0) are given by following equations:  
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(1)/c kE E    (12) 
Pn,Qn are known as Legendre polynomials of first and second kind respectively and are given by equations:  
   21 12 ! nn n ndP z zn dz     (13) 
    11/ 2* ( 1/ 1)n n nQ z p z ln z z W       (14) 
Where, Wn-1 is defined by the following equation:  
         1 0 1 1 2 1 01 1 ( ) ( )2 1n n n nW z P z P z P z P z P z P zn         (15) 
While, δ(n) is defined as: 
  1,   0
0,  
if n
n
otherwise
G  ­ ®¯    (16) 
5. Numerical calculations 
Numerical calculation is carried out to determine theoretical effective thermal conductivity in the axial direction 
of an aligned MWCNT polymer composite. The table 1 below shows the associated values used for calculation. 
 
  Table 1 .Geometric and material properties of MWNT and the polymer matrix material considered in the 
  Present analysis 
 
Serial no. Description  Symbol  Unit  Value  
01 Average nanotube diameter  d nm 25 
02 Average nanotube length  l μm 30 
03 Conductivity of polymer matrix K(1) W/mK 0.20 
04 Conductivity of MWNT KNT W/mK 3000 
05 Interfacial conductance  β MW/m2K 12 
06 Conductivity of effective fiber  K(2) W/mK From calculation 
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07 Thickness of nanotube layer  t nm 0.34 
6. COMSOL Multiphysics 4.2 
Geometric model is developed in COMSOL Multiphysics using the associated values of above parameters. Two 
faces of RVE perpendicular to the axial direction of CNT is placed at one degree (10) temperature difference. Other 
four faces of the RVE are applied with adiabatic boundary condition. Finer meshing of the model has been done in 
order toget close to optimal result. Finally effective thermal conductivity of the nanotube is directly found from the 
result module of COMSOL Multiphysics after simulation is finished. 
7. Results 
Firstly simulation results are obtained using COMSOL Multiphysics and then the results are compared against 
theoretical results obtained using mathematical solution developed by Bagachi and Nomura [7]. 
Graphs plotted below reveals the relationship between thermal conductivity and nanotube length, diameter 
interfacial resistance and volume fraction of CNT respectively. 
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Fig.2.(a) Effect of nanotube diameter (b) Effect of nanotube length on effective thermal conductivity 
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Fig.3.(a) Effect of thermal contact conductance (b) nanotube volume fraction on effective thermal conductivity 
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Following tables present the data associated with the above graphs.During varying the diameter (Table 2), length 
of CNT has been kept constant at 50 micron; meanwhile, when varying the length (Table 3), diameter of CNT has 
been kept constant at 25 nm. In case of volume fraction and thermal contact conductance variation, aspect ratio i.e. 
length to diameter ratio of the nanotube has been kept constant (Table 4 &5). In both cases length and diameter has 
been kept at 50 micron and 25 nm respectively.  
 
          Table 2.Theoretical and FEA result of thermal conductivity with varying nanotube outer diameter 
 
Serial no. Diameter of 
MWNT (nm) 
Theoretical result 
(W/mK) 
FEA result 
(W/mK) 
Percent deviation 
(%) 
01 20 2.2342 2.2135 0.926506 
02 25 1.8266 1.8148 0.646009 
03 30 1.5548 1.5420 0.823257 
04 35 1.3607 1.3504 0.756963 
05 40 1.2151 1.2060 0.74891 
 
           Table 3. Theoretical and FEA result of thermal conductivity with varying nanotube length 
 
Serial no. Length of MWNT 
(microns) 
Theoretical result 
(W/mK) 
FEA result 
(W/mK) 
Percent deviation 
(%) 
01 30 1.8210 1.8095 0.631521 
02 35 1.8233 1.8108 0.68557 
03 40 1.8248 1.8138 0.60280 
04 45 1.8258 1.8111 0.810604 
05 50 1.8266 1.8115 0.826673 
 
           Table 4. Theoretical and FEA results of thermal conductivity with varying thermal contact conductance 
 
Serial no. Thermal contact conductance 
(MW/m2K) 
Theoretical result 
(W/mK) 
FEA result 
(W/mK) 
Percent deviation 
(%) 
01 12 1.8266 1.8147 0.651484 
02 30 1.8272 1.8147 0.684107 
03 50 1.8273 1.8147 0.689542 
04 100 1.8275 1.8147 0.70041 
05 500 1.8276 1.8147 0.705844 
       
          Table 5. Theoretical and FEA results of thermal conductivity with varying volume fraction of CNT 
 
Serial no. Volume fraction 
of CNT 
Theoretical 
result (W/mK) 
FEA result 
(W/mK) 
Percent 
deviation (%) 
01 0.6 1.1759 1.1689 0.595289 
02 0.7 1.3386 1.3266 0.896459 
03 0.8 1.5012 1.4889 0.819345 
04 0.9 1.6639 1.6502 0.823367 
05 1 1.8266 1.8147 0.651484 
 
8. Discussion 
The analysis on the RVEs with constant diameter and varying lengths revealed that the effective thermal 
conductivity of a nanocomposite with MWNTs increases as the aspect ratio increases. However the increase in the 
thermal conductivity with increasing lengths of the MWNTs is not drastic. The FEA analysis of RVEs with MWNTs  
having  fixed length and  varying diameters showed that  the effective thermal conductivity of the  nanocomposites  
with  volume  fractions  of  1%  decreases  with  increase  in diameter of the MWNT  inclusions that is effective 
thermal conductivity decrease with a decrease in aspect ratio. This change in effective thermal conductivity is much 
more drastic in comparison with length variation. Keeping the volume fraction constant was one of the factors for 
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getting the FEA results as predicted theoretically. The  FEA  analysis of  RVEs  which  has  MWNTs  with  
geometric  parameters fixed i.e. length, diameter and volume fraction of MWNT composite kept constant with 
different thermal contact resistance showed that the effective thermal conductivity is not  greatly  affected  with 
change in interface  resistance  that means effective thermal conductivity is almost independent of thermal contact 
resistance between CNT and matrix material for a fixed aspect ratio of CNT . This is in accordance with the 
theoretical predictions.The FEA analysis of the RVEs which  has  MWNTs  with  geometric  parameters fixed i.e. 
length, diameter but varying volume fractions  showed  that  the  effective  thermal  conductivity  of  the  CNT  
varies linearly. This is as predicted with the theoretical model. One of the reasons  for getting  linear relationship of 
effective conductivity with the volume  fraction  is because of the assumption  made during  mathematical and  FEA  
modeling of the nanocomposite  that  there is no interaction  between  the neighboring  MWNT inclusions.  
From the above study it is prominent that the uniformity and consistency of certain parameters such as lengths 
and diameters of the CNT inclusions can greatly affect the thermal conductivities meanwhile interphase resistances 
are not the prime factor for getting lower than the predicted thermal conductivities. 
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